
Fact: t h e modulus gives a n equiva lence

r e l a t i o n . We w i l l n o t prove

t h i s fac t , but i f y o u h a v e

n e v e r checked t h e t h r e e properties,

you
should!



lemma: (equivalences) fo r n , n E Z ,

t h e following a r e equivalent:

1 ) m I n m o d k fo r U E I N

2 ) (m]=[n] (mod k )

3 ) T h e r em a i n d e r s u p o n d i v i s i o n by

u o f m a n d n a r e t h e s a m e .

4 ) (m ]n [n ] f- ¢ (monk)

proof: 1 ) ⇒ 2 ) Since m e n mudk,

w e k n o w k / (m-n ) .



T h e n I a t 2 ,

ah = m - n ,
a n d s o

o n
= n t a l e

⇒ m e [ n ] .

Similarly ,
s i n ce n - m i - a u ,

N E Cm] .

There fo re , G ) = ( m ) .



2 ) ⇒ 3 ) suppose [ n ]= ( m ] .

T h e n t h i s m e a n s t h a t i f

b E { 0 , 1 , 2 , . - , K- I }
i s

t h e remainder upon dividing

n by k , t h e n

( a ) = Cb) . B u t

[nT=Cm] , s o

[ m ] : [ b ) . B y

definition o f t h e remainder,

b i s t h e remainder u pon

dividing m by K .



3 ) ⇒ 4 ) Suppose t h e remainders, upon

d i v i s i o n b y k , o f n and

n a r e equal t o b .

T h e n

B E G ] and been]

⇒ G ) n o n ) # ¢ .

4 ) ⇒ 1) suppose G ) n [m ] t o .

Let C E [ n Jn [m ] .

T h e n n=cmodk and

M : conodk ⇒

n = o n mod K -

g



Observation'. a n y t w o equivalence classes

a r e e i t he r d i s j o i n t (have

empty intersection)
o r e q u a l 1

.



Corol lary : (residue classes ) fo r K E IN ,
-

k £ 2 , F exact ly k

equivalence c l a s s e s , m o d u l o 4 :

Co], G ] , [ 2 ] , . . . , [k-23,1k-if.

proof'. Immed ia te f rom t h e previous

proposition: a n y N E Z h a s

G ) = [ b ] w h e r e b i s the

remainder upon
d i v i s i o n o f n by k ,

and the re a r e e x a c t l y k choices

f o r B E Z , O E b L K .

s



Lemm-
a:

( add i t i on a n d multiplication)

Let K E I N , 4 2 2 . T h e n

i f m y n E D
and n ' , n'EZ

w i t h m = m' n o o k
and

n = n ' noodle, t h e n

M t n
E (n'tm') m o d 4 and

m e n
I @'am')

m o d K , i e . ,

addit ion a n d multiplication o f

equivalence c l a s s e s i s well-defined:

[mtn): [m ' th' ]

[mm]=[m'. n']



proof:

(Mtn)
- (m'tn')

= (m-m')tCn-n').

Since mim'modk , hen'modk,

t h e n I a , b E 2 w i t h

m-m' T a k ,
n-n'=bk .

T h e n

@t n )
-(m'tn')=aktbk=@tb)4

⇒ m t n = (m'tn') m o d k .



M - n
- m' n ' = M n -Cmn't t (mri)-n'n'

=

m-n-m'-n' = m(n-n ' ) f (m-m')n'

w i t h a a n d b a s above ,

man-m' n ' I m ( b k ) t ( a k ) n'

= fnbtan') k

⇒ m a n
= m ! n' m o d k :

D



Definition: ( Z n ) Denote by I n

t h e col lect ion o f a l l equivalence

classes o f 1 2 , modu l o n .

T h e n w e m a y define t w o

operations o n I n , " t "

and "a", by ,
for

cm), [ k ] E 2 n ,

[m]t[k)=[ntk#[mJ[uj=[m
kµ



Obse r va t i on s : (r ing properties)

I n , w i t h " t " and"." a s

defined previously ,

sa t i s f i es

1) " t " i s commutative o n I n

2 )
" t " i s associative o n 2 ,

3 ) V CMIEL, Cm]tCoJ=[m],

s o Ze ro i s a neu t ra l e l emen t

f o r " t " .

4 ) I f m e 2 , then

E n t t E m t ( o )



So [ m ) i s t h e "inverse"

o f Cm] w i t h respect t o " t " .

5 ) " c " i s commutation I n

6 )
' ' . " i s associat ive o n I n

7 )
" . " distributes o v e r " t " :

i f M l k , L E E ,

En]-( [6) tce ] )

= ( m ) - [ h i t Em]-El]

8) I f m e 2 , [ I ] - [my : [m ] ,

s o [ I ] i s a neu t r a l e l e m e n t

f o r
" . " o n Z n -



Example: (calculation i n Rn)

Let n : 3 .

T h e n

[741 t [497 (mod 31

= ( 2 ) t C l ] = G )

= [ o ]

[ 74 1 [49] (mod 31

= [23-4]
= [ 2 ]



theorem: (Chinese remainder) suppose

n , n E I N , m , n z 2 ,

and

gcd(min) = / . T h e n i f

a , b E Z , F S E 2

S u c h t h a t

s = a modm

and

s - b modn .

S i s u n i q u e u p t o equivalence

m o d u l o m a n .



proof: since gcd(mint =L, F

K , E E 2 w i t h

I = k m t t h .

Le t s , = 1 -km- ten .

Let s , = f - t n = k m .

Let s = a s , t b s , .

[s]m= [as,]mt (bsa) m

(s]m=[aIn[sDmtCb3mGa?

B u t Esa)m=[km]m=[oJm.



A l s o ,

[s,]m=[1- km]m

= [ t h t f kn ]m

= [Dn t 6 ) o n

: [ D m

s o G ) m=[a]mGDmtCb1G!

I ( a )a l l ] m t [ b ) m[Dm

= [ a ) m

⇒ s = a mod o n
-



Simi lar ly, s = b mod n .

N o w suppose F s' E Z ,

S's bmo d n

s' = a
mod o n

.

T h e n

s -s" i s d i v i s i b l e b y both

n a n d n , s o

[s-s' Jam: lo]nm.

D


